Chiral active fluids are materials composed of self-spinning rotors that continuously inject energy and angular momentum at the microscale. Out-of-equilibrium fluids with active-rotor constituents have been experimentally realized using nanoscale biomolecular motors [1] [2] [3] [4] [5] [6] [7] , microscale active colloids [8] [9] [10] , or macroscale driven chiral grains [11] . Here, we show how such chiral active fluids break both parity and time-reversal symmetries in their steady states, giving rise to a dissipationless linear-response coefficient called odd viscosity [12, 13] in their constitutive relations. Odd viscosity couples pressure and vorticity leading, for example, to density modulations within a vortex profile.
The mechanical response of any viscoelastic material is encoded in its constitutive relations: a set of equations that express the stress tensor in terms of the strain and strain rate [14] . Conservation of angular momentum dictates that the stress tensor σ ij of any medium with vanishing bulk external torque must be symmetric under the exchange of its two indices i and j. This conclusion, however, does not apply to chiral fluids composed of self-spinning constituents (see Fig. 1a ) that are driven by active torques [15] [16] [17] [18] [19] [20] . In addition to the presence of an antisymmetric stress [11, [20] [21] [22] [23] [24] , chiral active media exhibit anomalies in the symmetric component of σ ij that encodes the viscous stress.
In this Letter, we ask a deceptively simple question: What is the viscosity of a chiral active fluid? Viscosity typically measures the resistance of a fluid to velocity gradients. It is expressed mathematically by a tensor, η ijkl , that acts as a coefficient of proportionality between viscous stress and strain rate [14] . The Onsager reciprocity relation stipulates that η ijkl , like any linear transport coefficient, must be symmetric (or even) under the exchange of the first and last pairs of indices (i.e., η ijkl = η klij ) provided that time-reversal symmetry holds [14] . Here, we show that chiral active fluids acquire an additional odd (or Hall) viscosity (TRS) at equilibrium [12, 13, [25] [26] [27] [28] . In chiral active fluids, violation of Onsager reciprocity originates from the breaking of microscopic reversibility out of equilibrium, a feature inherent to active matter [29, 30] . In this case, an odd viscosity can emerge as a linear-response coefficient calculated around the non-equilibrium steady state of a purely classical system. Despite its universal nature, odd viscosity was neglected in previous hydrodynamic theories of active rotors [11, [20] [21] [22] [23] [24] that consider only rotors with small spinning frequency-a regime for which the antisymmetric stress dominates over the odd viscosity. On general grounds [25, 26] , it can be shown that odd viscosity is proportional to the non-vanishing angular momentum density which exists within the active fluid in steady state.
For concreteness, we construct a hydrodynamic description of dry chiral active fluids based on a constitutive relation that explicitly accounts for an odd viscosity term. In two dimensions, the evolution of the three slow variables, i.e., density of particles ρ, linear momentum g i ≡ ρv i , and intrinsic angular momentum , is governed by the following equations (Middle) While in contact, the frictional gears convert intrinsic angular momentum into orbital angular momentum, which leads to rotation around their center of mass with frequency ω (shown as a dashed circular arrow). We assume that this process occurs on a time scale which is fast compared to the time between collisions. As a result, the spinning frequency is rapidly reset to the initial Ω 0 favored by the balance of internal active torque and dissipation. (Right) After the collision, the self-spinning gears move away from each other with velocity v f . However, the particles do not necessarily move with final velocities that parallel the vector distance between them, i.e., orbital angular momentum is generated in the collision.
(see SI for detailed derivations):
where D t (= ∂ t + v k ∂ k ) denotes a convective derivative and ≡ IΩ can be expressed in terms 
We plot time-rescaled solutions for odd-viscosity vortices of particle density of the local spinning frequency of the rotors Ω(x, t) and the moment-of-inertia density I. A constant active torque applied to each rotor and described by the torque density τ injects energy into the fluid, thus breaking detailed balance. The rotational dissipation coefficient Γ Ω saturates energy injection in a way that leads to a non-equilibrium steady state with characteristic single rotor frequency Ω ∼ τ /Γ Ω (≡ Ω 0 ), whereas D Ω and Γ v control diffusion of intrinsic rotations and linear momentum damping, respectively. While the damping Γ v might be significant in many realizations of active rotor systems, we omit it for simplicity in this work.
The stress in Eqs. (2-3) is given by
where ω ≡ 1 2 ij ∂ i v j is the vorticity and v * j ≡ jl v l is the velocity vector rotated clockwise by π/2. (Note that ij denotes the Levi-Civita antisymmetric tensor in 2D.) The antisymmetric term in Eq. (4) proportional to Γ results from inter-rotor friction and couples the flow v to the intrinsic rotations Ω [11] . The last component of the stress σ ij is the novel ingredient that we add to Eq. (4), see SI for a variational hydrodynamics derivation. This term is a nonlinear coupling between the fields v(x, t) and (x, t) that was neglected in previous hydrodynamic theories [11, [20] [21] [22] [23] [24] . If is fixed (e.g., a constant), this nonlinear coupling reduces to a transport coefficient η o = /2 called odd viscosity in the constitutive relations,
Eq. (4).
For example, if the active torque dominates over the inter-rotor coupling Γ, the ensemble of self-spinning rotors behaves as a weakly interacting chiral active gas. In such a gas, the active rotation frequency is near Ω 0 for each particle except during and immediately after each collision, when some intrinsic rotation is converted into fluid vorticity by the antisymmetric stress (see Fig. 1b ). While this conversion is crucial in establishing the chiral steady state of a gas of rotors, the state itself depends only on odd viscosity η o and not on the inter-rotor coupling, if Γ is sufficiently small.
We now determine the conditions for the emergence of odd viscosity. Gradients of intrinsic angular rotation Ω are negligibly small if the characteristic velocity v 0 and length scale r 0 are such that Γ/I v 0 /r 0 τ /Γ. For this to hold, a necessary condition is τ Γ 2 /I. In this regime, Eq. (3) decouples from Eq. (2) and becomes the modified Navier-Stokes equation:
with a familiar kinematic viscosity ν(≡ η/ρ) and an additional odd viscosity
term. The field Ω(x, t) has been integrated out from Eq. (5) and, thus, it is nonzero only if both P and T are broken. Thus, the odd viscosity term
ij v j is T -invariant and thereby reactive: unlike dissipative viscosity ν, odd viscosity ν o is not associated with energy dissipation [13] . Significantly, the derivation presented in the SI for the odd viscosity of a chiral active gas relies only on conservation laws: it does not require dissipation.
As in ordinary hydrodynamics, two familiar dimensionless parameters can be used to classify different phenomena described by Eq. (5) When the flow is incompressible, the odd viscosity can be absorbed into a rescaled pressure: p → p − 2η o ω [13] . At low Mach and Reynolds numbers, we show that odd viscosity can replace inertia to stabilize a vortex, with a density peak at its core. In Fig. 2a , we plot the Lamb-Oseen vortex flow profile [14] (which does not depend on the value of odd viscosity), obtained from Eq. (5), and the profile of density variations at the center of the vortex. In the presence of odd viscosity, density deviates from the Lamb-Oseen profile, see SI. The density variation δρ ≡ ρ(x, t) − ρ 0 , measured relative to its constant value ρ 0 away from the vortex core, is controlled by the odd Reynolds number and given by:
where t 0 ≡ r 2 0 /(4ν). In Fig. 2b , we show that for the case in which the rotational handedness of the vortex is aligned with the spinning direction of the rotors (i.e., Re o > 0), the center of the vortex experiences an increase in pressure and a resulting excess particle density.
Contrast this scenario with the Lamb-Oseen solution (ν o → 0), in which inertia causes a pressure dip and particle depletion at the vortex center. This effect, familiar from the physics The familiar nonlinear transport equation for the vorticity ω is modified as (see SI):
where the additional source term, proportional to ν o , vanishes if the fluid is incompressible,
i.e., away from the shock where ∇·v → 0. Note that this mechanism of generation of vorticity is independent of the inter-rotor friction captured by the antisymmetric stress which was explicitly neglected in writing Eq. Odd viscosity in chiral active fluids: Supplementary Information
I. VARIATIONAL PRINCIPLE FOR HYDRODYNAMICS WITH ODD VISCOS-

ITY
The goal of this section is to introduce the variational principle for the hydrodynamics of a two-dimensional fluid characterized by the density of intrinsic angular momentum . We assume that the internal energy density of the fluid (ρ, s, ) depends on the mass density ρ, entropy density s and the density of intrinsic angular momentum . Standard thermodynamic formulas give the following relations between (ρ, s, ), pressure p, chemical potential µ, temperature T , particle mass m, and intrinsic angular velocity Ω:
Here ρ = ∂ /∂ρ etc. Now we consider the fluid in local equilibrium characterized by space and time dependent fields ρ(x, t), s(x, t), (x, t) and fluid velocity v i (x, t) (i = 1, 2). We promote thermodynamics to hydrodynamics using the variational principle defined by the following action:
where the fluid vorticity ω is defined via ω ≡ 1 2 ij ∂ i v j . Note the unusual proportionality factor of 1/2 in the definition of vorticity, which we use throughout the work. The vorticity ω defined in this way is the local angular velocity of the fluid rotation. In (S5), we used the notation:
with µ = 0, 1, 2. The action (S5) should be considered as a functional of the following independent fields ρ, θ, s, η, , φ, Φ α , Ψ α and v i . The parameters ρ, θ, . . . are so-called Clebsch parameters [33] . We have added auxiliary pairs of Clebsch parameters Φ α , Ψ α with α = 1, 2, . . . which are useful to describe generic hydrodynamic flows but will not play any role in the following.
The action (S5) is standard except for the last term. This term explicitly breaks parity as it depends on ik . Below we will see that it leads to non-vanishing odd viscosity. The physical manifestations of this term are the main subjects of this paper.
Varying over fields θ, η, φ we obtain the following conservation laws
The velocity field v i in (S5) is not a dynamical field. Varying (S5) with respect to v i relates it to Clebsch parameters (S6):
Taking variations of (S5) with respect to all other fields, after some manipulations, one can arrive to the following equation of motion:
where
which is the main result of this section. Note that η o in (S12) denotes the intrinsic angular momentum field (x, t), see Eq. (S13). It reduces to an anomalous transport coefficient (referred to as odd viscosity) when the angular momentum density is fixed (e.g., a constant).
In general, interactions may generate higher order corrections to the variational functional, as discussed below and in Sec. III. However, the result in Eq. (S13) holds exactly in the case of a weakly interacting chiral granular gas with fast local rotations. Here and in the following we use the notation a * i ≡ ik a k . From (S11) we identify the quantity
as a momentum density of the fluid and σ odd ij as a part of a viscous stress tensor of the fluid. An important remark is in order. We notice that three equations (S7,S8,S9) and two components of equation (S11) give us five equations sufficient to determine five independent fields ρ, s, , v i . We define these equations as a complete system of hydrodynamic equations. The number of hydrodynamic fields (five) is smaller then the number of fields in the variational principle (S5). This reduction is known as symplectic or Hamiltonian reduction.
Another important remark is that the equations (S7,S8,S9,S11) are necessarily dissipationless as they are derived from the time translational invariant action (S5). Indeed, it is easy to derive from these equations the energy conservation law:
II. DISSIPATION AND GRADIENT CORRECTIONS
Let us consider the derivation of the energy conservation in more detail. We proceed as follows
So far we did not use any equation of motion. Using (S7,S8,S9,S11) in the right hand side and the form of odd viscosity tensor (S12) we obtain the energy conservation (S15). Our goal is to generalize hydrodynamic equations in the presence of dissipation in such a way that the entropy production is explicitly positive and the energy is conserved up to the loss due to the work of external forces.
We assume the following modified equations of motion
Here, τ is the density of external torque acting on intrinsic rotational degrees of freedom of the fluid, J ρ,s, i
are gradient corrections to currents, Γ Ω is the intrinsic angular momentumdamping rate, and Q is a heat production rate due to various friction forces. We consider the term −Γ components in this work. The combination of (S18) and (S19) produces the conservation of angular momentum density
where the right hand side is the density of net torque acting on the system due to external forces.
Let us now fix all constitutive relations to the first order in gradients [34] making sure that the heat production rate Q is non-negative. We write
and for the total heat production rate
With this constitutive relations we easily derive using (S16) and (S17-S20) the modified energy conservation as
The right hand side is the energy influx through the work by an external torque and the loss due to external friction forces. The correction to energy current is given by
The system of hydrodynamic equations (S17-S20) together with constitutive relations (S22-S28) gives a very general hydrodynamic description of system of active rotors. This description is characterized by many phenomenological constants and is too general for our purposes. In the following we will make simplifications to reduce the complexity of this system.
III. HYDRODYNAMICS OF CHIRAL ACTIVE FLUIDS WITH ODD VISCOS-
ITY
In this paper we are looking for the effects related to the transport of angular momentum in the system of active rotors. We focus on the granular limit of hydrodynamics and neglect thermal effects assuming that the thermal physics does not play significant role. This means that we completely neglect all temperature dependences and omit (S20). We also choose a frame (a definition of velocity) such that J ρ i = 0 and neglect all "odd" coefficients L µ,T,Ω = 0 except for Γ. This leaves us with much simpler hydrodynamic theory
We see from (S32) that the anti-symmetric part of the stress σ The complete equations that we simulate numerically, derived in the appropriate regimes in Secs. IV and V are the equations (S31,S32,S33) with
that capture the effects of both odd viscosity η odd and antisymmetric stress Γ.
Equations (S31,S32,S33) together with (S26,S27) (we will also put bulk viscosity η b = 0 and identify η odd = /2 in the following) is our starting point to study the effects of odd viscosity and anti-symmetric stress σ a on the dynamics of active rotors. 
is the local angular velocity of the rotation of the fluid. The coupling between Ω and v through σ a terms of (S36,S37) respects the corresponding Onsager relation and, therefore, does not inject additional energy into the system. These terms act only as frictional interrotor couplings that convert angular momentum between local rotation of the fluid particles and vorticity due to center-of-mass motion. This part is the same as in Ref. [11] , but in addition to the terms in Ref. [11] we also include the odd viscosity part of the stress tensor (S27), proportional to the intrinsic angular momentum: η odd = /2.
We may also derive Eqs. (S31-S33) by introducing the functional F [v, Ω] as
Using this non-negative functional we can rewrite (S32,S33) as
IV. INCOMPRESSIBLE HYDRODYNAMICS OF CHIRAL ACTIVE FLUIDS
In this section, we consider the case in which the fluid is nearly incompressible. We first solve the equation of motion for the velocity field by using the incompressibility condition ∇ · v = 0 and then substitute this result to find how the pressure p deviates away from its steady-state value p 0 . We then find the deviations in density by assuming small, linear compression, ρ − ρ 0 = c −2 (p − p 0 ). This approximation is valid as long as c
Numerically, we keep the antisymmetric stress term to compare its effects with the effects of odd viscosity. Then, we solve the following system of equations for both v and Ω:
We divide Eq. (S38) by ρ 0 and Eq. (S39) by I and obtain
where ν ≡ η/ρ 0 is the kinematic viscosity, Γ ≡ Γ/ρ,
and ι ≡ I/ρ 0 .
A. Dimensionless parameters
In the following, we will be solving Eqs. (S40-S41) numerically. To understand better various regimes and to make further analytic progress it is useful to understand the dimensionless parameters governing the motion of the fluid.
Let us rescale all physical quantities to obtain a dimensionless problem. From initial conditions of the form v = v 0 u(t = 0, r r ≡ r/r 0 ), we obtain natural length and velocity scales. Then, we define dimensionless quantities (denoted by subscript r) via ω = ω r v 0 /r 0 , t = t r r 2 0 /ν, p = p r νv 0 ρ 0 /r 0 , Ω = Ω r Ω 0 , where Ω 0 ≡ τ /Γ Ω = τ /Γ Ω and find dimensionless equations,
where all derivatives are now dimensionless, v 0 r 0 /ν = Re is the (small) Reynolds number,
determines the coupling of the velocity field to gradients in the Ω field due to the antisymmetric stress term, 
In addition, for Eq. (S44) to be valid for all times, the antisymmetric stress term Γω in Eq. (S41) must be smaller than the active torque τ . Otherwise, the condition in Eq. (S44)
would be violated due to the coupling between intrinsic rotation and vorticity, and large spatial variations in Ω would occur. We require, therefore
The necessary condition for the existence of a regime with both Eqs. (S44,S45) satisfied is the following relation between hydrodynamics parameters:
In this regime, we can assume that Ω ≈ Ω 0 = const. For this case and for (nearly incompressible) flows at low Mach number, Eq. (S40) reduces to a modified Navier-Stokes equation with the addition of an odd viscosity term [13] :
i.e., Eq. (5) 
which is identical in form to the conventional Navier-Stokes equation (see, e.g., [35] ). One can find p ef f from the flow and find the pressure of the fluid from p = p ef f + 2η o ω.
Outside of the limit defined by Eqs. (S44,S45), there are contributions due to antisymmetric stress whose effects we examine numerically. In the regime opposite to that set by Eqs. (S44-S46) , in which the antisymmetric stress dominates, the odd viscosity term is a small nonlinear correction to the hydrodynamics and can be neglected for the same reasons as it was neglected in Refs. [11, 24] . 
This is a transport equation for vorticity with the diffusion-like term due to the shear viscosity. We consider an initial Gaussian vorticity profile, so that the azimuthal component of velocity is a function of the radius and the radial component is zero. Then, for initial conditions for the vorticity, we consider:
In this case, the full solution is given by
where t 0 ≡ r 2 0 /(4ν). From this expression for ω, we obtain the velocity profile satisfying the relations 1 2 ∇ × v = ω and ∇ · v = 0 and find
This solution is identical to the conventional Lamb-Oseen solution as the odd viscosity does not enter Eq. (S49). However, the resulting pressure is different.
We find the expression for the pressure from the radial equation of motion in polar coordinates:
Using p ef f ≡ p − 2η o ω, we obtain
where p ∞ ≡ p(r = ∞). Introducing r s (t) = r 0 1 + t/t 0 and p s =
where Re o ≡ r 0 v 0 /ν o is an odd Reynolds number.
In the regime in which the Mach number Ma ≡ v 0 /c 1, we use the relation ρ − ρ 0 = c −2 (p − p ∞ ) to calculate (small) changes in density as a result of the vortex flow:
Rescaling the density as
and the radius asr ≡ r/r s , we find that
We plot this solution (a rescaled form valid for all times t) in Fig. 2c of the main text. In the case Re o 1, we drop the first term of Eq. (S58). Then, we plot δρ|Re o |/(2πρ 0 ) = sign(ν o )e −r 2 in the inset of Fig. 2c . This is also the regime in which Eq. (6) is valid.
Note that in addition to the condition Ma 1 that must be valid for these equations to hold, for small Re o the self-consistency condition
Notably, an odd viscosity fluid can be compressible even at low Mach number if the odd Reynolds number |Re o | is sufficiently small, or equivalently, if the odd viscosity is sufficiently large.
In Fig. 2b of the main text, we plot the rescaled solution for the azimuthal velocity, i.e.,
V. COMPRESSION SHOCKS IN CHIRAL ACTIVE FLUIDS
In this section, we are interested in the conditions for which Eq. (S33) reduces to Burgers' equation. Under these conditions, the fluid experiences a compression shock, but the density gradients are small. Schematically, we assume a lowest-order-nonlinearity and lowest-ordergradient expansion. From this assumption, we note that terms of the form ∇ρ∇v are higher order in nonlinearity than the viscosity terms ∇ 2 v and higher order in gradients than the nonlinear term ∇v 2 . Thus we may neglect these terms to derive a Burgers' equation with the addition of odd viscosity and antisymmetric stress. In that case, the full equations of motion are:
where f i is the external forcing that gives rise to the steady-state shock. We rewrite the left-hand side of Eqs. (S62,S63) using the product rule and the continuity Eq. (S61),
We divide both sides of Eq. (S65) by ρ and both sides of Eq. (S66) by ρι and Taylorexpand the (dynamic) hydrodynamics coefficients in density, keeping only the lowest-order (constant) terms to find a set of equations similar to Eqs. (S40,S41):
where f i = f i /ρ. Eqs. (S67-S69), along with the equation of state p(ρ), describe the full hydrodynamics. In the limit of strong compression, we may drop the pressure term and
Eqs. (S68,S69) then form a closed set,
After solving Eqs. (S70,S71), the density profile can be found using the continuity equation Eq. (S67). We rescale these equations to find the dimensionless form. In the steady state, the characteristic length and velocity scales come from the forcing term
. We also rescale t = t r r 2 0 /ν, Ω = Ω r Ω 0 the same way as for Eqs. (S42,S43). We find a set of equations that describe the strongly nonlinear regime: Given a forcing f r (r r ) = (f rx (r r ), 0), we find a steady state that depends only on the x-coordinate. This allows us to solve for the density profile using the relation ∂ x ρ/ρ = −∂ x v x /v x [from Eq. (S67)], which along with the mean value ρ 0 of the density, allows us to calculate the profile ρ(x) using either the numerical (Fig. 3a) or analytical (Figs. 3b-f) solutions for v x (x).
A. Shocks: integrating out the spinning frequency in the chiral gas regime
We now follow the same logic as was used in Sec. IV B, but without assuming incompressibility. We use the same conditions on initial scales (S44,S45). This regime is only possible when the condition on the hydrodynamic parameters (S46) is satisfied. In this case we can assume that Ω ≈ Ω 0 = const.
As in Sec. IV B, outside of the limit defined by Eqs. (S44,S45) , there are contributions due to antisymmetric stress whose effects we examine numerically. In the regime opposite to that set by Eqs. (S44,S45) , in which the antisymmetric stress dominates, the odd viscosity term is a small nonlinear correction to the hydrodynamics and can be neglected for the same reasons as it was neglected in Refs. [11, 24] .
In the case for which odd viscosity dominates, Eq. (S70) reduces to a modified Burgers' equation with the additional odd viscosity term:
Eq. (S74) may be re-written as an equation for the evolution of vorticity, in which ν o contributes an additional source term as a result of the compressible part ∇ · v of the flow (provided that ∇ × f = 0):
As explained in the main text, the odd viscosity generates vorticity preferentially within the shock where gradients of ∇ · v are largest. The dimensionless version of Eq. (S74) reads
In the steady state, the one-dimensional profile for Eq. (S76) is determined by
Re
B. Perturbative solution for small odd viscosity
For the case ν o /ν 1, we obtain a perturbative analytical solution for the steady-state shock profile by first neglecting the subdominant ν o term in Eq. (S77), solving this equation both within and outside the shock using matched assymptotics, and then substituting the solution inside the shock into Eq. (S78). We choose the forcing to be f r (r r ) = (−π sin(x r π)/4, 0) and solve the equation looking for the periodic solution with the period x r ∈ [−1, 1]. We
where ν r = ν/(v 0 r 0 ) is the corresponding inverse Reynolds number. For large Reynolds number (ν r 1), the steady-state solution has a narrow shock in the vicinity of x r = 0.
Away from this region, the inertial term dominates and the steady-state velocity profile is obtained by integrating the expression ∂ x u
sin(x r π) to find the solution u x = −sign(x r ) cos(x r π/2). Here we tuned the integration constant so that the shock is at x r = 0 and the velocity is zero on average.
In the region x r /ν r 1, a different solution applies. In that region, Eq. (S79) can be simplified by dropping the forcing term, and then integrated exactly using matchedasymptotic boundary conditions u x → 1 for x r /ν r −1, and u x → −1 for x r /ν r 1.
The resulting solution is given by u x = − tanh[x r /(2ν r )]. For the case ν r 1 a simple interpolation,
between the outer and the inner solution gives a reasonable approximation to the exact steady state over the entire range of values of x r .
The solution for u y decays rapidly away from the shock, so to find the steady-state u y profile, it is sufficient to consider the inner solution for u x . We substitute this solution into
and find a linear ODE for u y :
We multiply the above equation by cosh 2 xr 2νr
and integrate, which leads to:
where c 1 is an arbitrary constant. We then integrate this expression again, to find
The boundary conditions u y → 0 as x/(2ν) → ±∞ require the choice of integration constants c 1 = 1 − ln 2 and c 2 = 0. Substituting these values and simplifying, we find:
We then re-express this solution in terms of the viscosity ratio ν o /ν and Reynolds number
wherex = xRe/2. We plot this solution in Fig. 3a alongside the numerical solution to the full Eqs. (S74) once the system reaches the steady state.
C. Scaling for large odd viscosity
For the case |ν o |/ν 1, we use scaling to obtain the characteristic features of the profile.
The equations that determine the steady-state profile are:
Let us drop the forcing and ν terms. We obtain
Integrating the first equation gives 2ν o r ∂ x u y = u 2 x −C 1 , where C 1 = 1 for the case we consider. Substituting into the second equation we obtain
This equation describes the motion of a nonlinear pendulum. We now linearize in δu = u x −1 to find the harmonic oscillator equation
The solutions to this equations oscillate in space with a period given by λ ∼ ν o r , which is the scaling law that we observe numerically in Fig. 3c . 
which describe the motion of a damped harmonic oscillator. From this, we find the characteristic wavelength to be (from comparing first and last terms)
and the decay length of the envelope from the damping ratio (from comparing first and second terms):
In the limit |ν o |/ν 1, the oscillation wavelength is given by λ ∼ |ν o |/v 0 (same as above) and the envelope size is Λ ∼ (ν o ) 2 /νv 0 ∼ |ν o |λ/ν. We find that these scaling laws are consistent with the full numerical solution of Eqs. (S74), see inset of Fig. 3c . As expected, the envelope size diverges as viscosity goes to zero. In the opposite limit, |ν o |/ν 1, also considered in the previous section, we recover the same scaling laws: λ ∼ Λ ∼ ν/v 0 . In that limit, the oscillator is critically damped and no oscillations are observed.
VI. NUMERICAL SIMULATIONS
In this section, we discuss the numerical method used for the direct numerical simulations of hydrodynamic equations. The equations are solved using the pseudo-spectral method. ∂ t e D ρ k 2 tρ = −e D ρ k 2 t (ik x ρv x + ik y ρv y ). The solution of the above equation is :
The time evolution is done using a second order Runge-Kutta (RK2) method. The pseudo-spectral method has the additional advantage of having exponentially small spatial truncation error as opposed to algebraically small error which would result were we to use a finite-difference scheme. The time evolution error in RK2 scheme is of the order of ∼ O(δt) 2 .
One of the key concerns on calculating the convolutions numerically is the generation of aliasing errors. In our simulations we cut off wave numbers greater than 2K/3 where K ≡ N/2 corresponds to the smallest lengthscales in our system (N is the number of grid points).
A. Incompressible regime
We solve the incompressible Navier-Stokes equations coupled to the local rotation field.
We define a new tensor φ ij = ∂ i v * j + ∂ * i v j . The incompressible Navier Stokes can be further simplified using the constraint ∇ · v = 0. Taking the curl of Eq. (S40). The resulting
